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On the Computation of Some Grunsky Coefficients
Relevant to the Bieberbach Conjecture

By George G. Ross

Abstract. The Bieberbach coefficients as, a1, @12 are parametrized in terms of the Grunsky
coefficients. A digital computer is used to carry out the necessary integer calculations.

Introduction. The Bieberbach conjecture asserts that the nth coefficient of any
univalent function

f(2)=2+a222+a3za+ —I—-a”z"—l- e

defined in the unit circle, satisfies the inequality |a,| < n, with equality holding only
for the Koebe function

K@) =z/(0 —2 =z+ 27 + 32 + -

and its one-parameter family of rotations e *’K(e'’z). The earliest results in this
direction were Koebe’s one-quarter theorem [6] and Bieberbach’s proof of the sharp
estimate |a,] < 2 [1]. Later Loewner [7] established the deeper inequality |a,| < 3
which has also been obtained by Schiffer, Schaeffer, and Spencer [9], [10], [11], [12]
using variational methods. Garabedian and Schiffer [3] showed |a,| < 4 in 1960 and
Pederson obtained the result |as] < 6 in 1968 [8].

Of central importance in this theory, at least for the even coefficients, is the
following theory of Grunsky [4]:

A necessary and sufficient condition for

f(z)=Z+(1_,Zz+aszs+ e

to be univalent in the unit circle is that the sharp inequalities

Re{ > c,.,,.}\,)\,,.} < NS

n,m=1 n=1

hold for all choices of the complex parameters A, where the c,,, are the coefficients in
the double power series

1) = I(W)] Y o am
The above series converges in the bicylinder |z| < 1, |w| = 1 if and only if f(2) is uni-
valent.
The function (j(z%))"/? is easily seen to be univalent if and only if f(z) is, and so we

Received August 7, 1970, revised March 17, 1971,

AMS 1970 subject classifications. Primary 30A34; Secondary 30-04.

Key words and phrases. Bieberbach conjecture, Koebe function, Grunsky coefficients, univalent
functions, maximum principle, unitary matrix, Lagrange multipliers, overflow, fixed-point arithmetic.

Copyright © 1971, American Mathematical Society
733



734 GEORGE G. ROSS

may generate coefficients C,,, as polynomials in the a; from the expansion

2\\1/2 — ’2 1/2 ©
og [(f(z N2 = (W) ]= > Cotwn

zZ—= W n,m=0

and then impose the Grunsky inequalities on the C,,, in order to get estimates on the
Bieberbach coefficients a;. A truncated set of these inequalities involving the C,,, has
been found sufficient to resolve the conjecture for n = 2, 4, 6 and also to provide
local confirmation for all even coefficients (Garabedian, Ross, Schiffer [2]). In that
paper, it was shown that, for all univalent functions sufficiently ‘“near” the Koebe
function K(z), the 2nth coefficient is not greater than 2n. Examination of the above
work on the even coefficients suggests that the truncated set of Grunsky inequalities

k k
Re{ Zl @2p — l)llg(zq - l)l/zczp—l.2q—1)\2p—|>\2q—1} = Zl I>\2p—||2

p.a= =
contains enough information to resolve the Bieberbach conjecture for a,,.

In this paper, we report on results obtained by introducing a computer to develop
the relevant parametrizations of as, a,, @ in terms of the C,,_; »,_,. These are the
extensions of the formulas which, under the restrictions of the Grunsky inequalities,
resolve the conjecture in the affirmative for a,, ay, a,. It is believed that the imposition
of the Grunsky conditions on the new expressions will settle the conjecture affirma-
tively for as, a0, a1, We already have mentioned that these parametrizations suffice
to yield the result locally in a neighborhood of the Koebe function K(z).

This work is a first step in a larger plan to develop algorithmic techniques which
will help to resolve the Bieberbach conjecture through the use of a computer. The
need for such techniques is evident when one notes the formidable amount of hand
calculation involved in the highly nonlinear global proofs of a, [3] and a, [8]. It seems
likely that future global results will rest on computer techniques and algorithms.
These will simultaneously provide a check on the laborious hand calculations men-
tioned above which are too seldom checked by hand.

In Section II, we describe how the coefficients C,,_, ,,-, are generated as poly-
nomials in the coefficients a; of the univalent j(2).

In Section III, we develop the polynomial parametrizations of as, a0, a;, and
also certain identities which exist between the elements C,,_, ,,_, of the parametriza-
tion.

Finally, in Section 1V, we consider the relevant expressions for the Bieberbach
coefficient a, and suggest how the maximum principle for several complex variables
can be used to reduce the number of parameters involved. The role of the identities
in the reduction is also discussed. The general technique for arriving at a parametri-
zation which works globally for a,,, is illustrated.

Note. The appendices referred to in the text appear in the microfiche section at the
end of this issue of Mathematics of Computation.

II. This section describes the development of the Grunsky coefficients C;;
(i, j odd) in the double power series

_2\\1/2 2411/2 © o
og [(fu D' = ") ]= > o,

zZ— W i,1=0

The C;, are polynomials in the a, coefficients of the univalent function
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@) =z+ a7 + a2 + -+ .
To carry out the development we write
J&@N'* =20 + a2’ + az* + -+ + a2V )
and apply the multinomial theorem to the term
x(@2) = a2 + as* + -+
in the expansion
A+ x@)"” =1+ 3x@ — '@ + -+ .

This yields the series expansion for (f(z*))"/? in the variable z. If we subtract the
series for (f(w?))'’® from the series for (f(z*))'* and divide by the factor z — w, we have

(01659) Ml ([0 i

Z— W

=1+ 1a,c* + zw + w’)

+ (@ — 3a))@* + 2w + W 2w’ W)+ -

+ P@)E + T WY+,
where the P, are the polynomials in the a; determined by the square root expansion
and the multinomial theorem. The final formula for the C;; is attained by identifying

the expansion above with 1 + ¥(z, w) and again applying the multinomial theorem to
the quantity Y in the series

Y3z, w)
3

Yz, w)
2

logll + Y(z, w)] = Y(z, w) — -+ Foeee

The final expression is
Ci; = Z Ciilar, @z, *+ - a)a;'as” - ar,
over all nonnegative o; such that

a+ 2+ o0ty =1=1i+4+,

where
Cii(als Qg, " *° sal)
_ (i/2]Z (—1)4-s+v i/2—k+ A— S
k=0 2(i/2—k+A'—-S) ’
Sis 82y * 7t 5 S, Qp TS, ,0 T8

and the inner summation is performed over all s, such that
0<s,<a and s+ 25, + -+ + Is;, = k.

In the above,

A=ar+ o+ -+ + a S=si+s+ - +s5

and [ ] denotes integer part.

These formulas agree with a more general set of formulas for Grunsky coefficients
worked out by Hummel [5].

A Fortran program was written to implement the above expressions on an IBM
360/50 computer. All calculations were done in fixed-point arithmetic to insure
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precise results. The basic arithmetic operations involved are the.addition and multi-
plication of ratios of integers. Denominators other than one are generated by the
factorial coefficients appearing in the expansions of (1 + x)"/* and log(1 4 Y). The
program quickly produced overflow in the IBM 32-bit fixed-point calculation, and
a special routine performing Euclid’s algorithm was included to reduce a/b + c/d to
lowest terms. Finally, the program was run on the CDC 6600 where 48-bit fixed-point
arithmetic is simulated. On this machine, the program successfully calculated all
C:; (i, jodd), i, j = 11. These results appear in Appendix A.

The results can be extended for higher i, j, either by using the present program on
a machine with larger word size or by modifying it so that the arithmetic operations
are carried out by a multi-precision subroutine.

III. 1In this section, we convert the expression obtained in the last section into
formulas for the a, as polynomials in the C,,_; ;,,.- We have a double array of
coefficients C,,_ .2,_; Which depend on the single sequence of variables a,, as, - - , a,
with n < p + g¢. Thus, identities arise between the elements C;,_; ;,;. The first such
identity occurs between the elements Cy;, Cy3, Cis, Cy3:

Cis = “%C:ﬂ + %Caa + CuCis.

Appendix A shows clearly the existence of other identities. In fact, the k(k + 1)/2
elements of the symmetric matrix Cz,_; 2.1 (P, ¢ = k) depend on the 2k — 1 coeffi-

cients a,, as, +++ , 4y, *++ , Gz Hence, there are
k(k + 1) _kK_3
5 2%+ 1=" =kt 1

identities between these C;,_y 201

The formula manipulation involved in generating the a,, as polynomials in the
C,,-1.2.-1 and in generating the attendant identities was carried out by means of an
assembly language program written for the IBM 360/50. The program first sets
a, = 2C, and then proceeds recursively for p + g = 3 through expressions for the
Cip_1.20-1 given in Appendix A. If p = g, the expression for a,, is computed by
replacing all a, with n < 2p by previously computed polynomials in the Cy,—; ,24-1. If
p = q — 1, the expression for a,,, is computed in the same way. If p = ¢ — 2, an
identity is generated by replacing all g, in the expression by previously computed
polynomials in the C;,,_; 2,—. The validity of the algorithm is established by observing:

(1) Copy 2,1 18 linear in a,,,

(2) Cyp-s.25 is linear in a,,;,

(3) Cyp1.20-1 depends only on ay, as, -+ , a2 if p < g — 2.

Throughout the calculation, numerical coefficients were carried as the ratio of
fixed-point integers to avoid loss of precision. Overflow problems on the IBM 360/50
demanded the same delicacy of arithmetic manipulation discussed in the previous
section. Results of the computation appear in Appendix B.

The author acknowledges the major contribution of Mr. Aaron W. Weg in his
assistance in the preparation and debugging of this program.

IV. The polynomial expressions for a,,, given in Appendix B, must be subjected
to the Grunsky conditions
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Re{ > @p — 1)?Qq — 1)"202,,-1.u-lxz,_lxzq-l} < 20 Mo’
p=1

».g=1
A result of Schur’s [13] enables us to rewrite the above conditions in matrix notation as
C= UuDU",

where C is an nth order square symmetric matrix with elements
@p — D"*Q2q — 1)*Copmr.00n (210 = 1),

U is a unitary nth order matrix, and D is a diagonal matrix whose entries have absolute
value less than or equal to one. In previous work [2], the maximum principle for
several complex variables was invoked to show that for the maximum modulus of
., the diagonal elements of D actually assume the value one. Thus, C becomes
simultaneously unitary and symmetric. Maximization over all such unitary matrices
has yielded the Bieberbach conjecture for a, and a,.

An application of the new formulas generated is made to the study of the eighth
Bieberbach coefficient. The parametrization for a, from Appendix B is

_2- 46 =
C77 + = 3\/15 C33C3a + — 5\/3 C13C55 + 9 C13C33 \/35 Cués'l
34 76 - = 18 -, =
+ ry Cucsa C11C13C35 + Cuc::a + = Cflc55
9 3\/5 343 5
172 410 —3 = 82 4
+ 3\/3 C11C13C33 3\/15 Cucas + - 9 C11C13 + 11533
184 s 2764 =
+ 15\/3 C11C13 315 - Cu-

Because the ten elements C,,_, 2,1, p, ¢ < 4, depend only on the seven coefficients
a,, as, as, as, ds, Gz, ag, there are three identities which hold between these elements.
They are (from Appendix B)

~3
Identity 1: S/ISS + =2 C” + Cl‘/g"’ — —CS—‘l =0,
~ ~4
Identity 2: f/‘; + 5”155 4 =8 C”‘ + Q_;Q@g - —% =0,
N Cor | Css | CisCss _ CuCh | 2CCis _ G _
Identity 3: \/21-1- 5 + 343 3 -+ 3 5 = 0.

If we assume the C,,_, ,,., are independent complex variables subject only to the
Grunsky inequalities in the formula for a4, we can apply the maximum principle for
several complex variables to obtain a significant reduction in the twenty parameters
required to represent the complex symmetric matrix

(Caop-1> Cag-1) D, q < 4.

We have mentioned above that the greatest modulus of a,, must be assumed when the
above matrix satisfies unitary constraints and so requires only ten parameters to
represent it. But our assumption of independent variation of the C,,_, 2,4 precludes
the possibility of imposing the above identities on the elements of the unitary matrix
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Cll 513 615 617
C 13 C_:aa 535 6’37 .
lei 15 C-'as 655 (_:57
617 637 657 677
To compensate for this situation, we exploit the flexibility in choice of the formula for

as which the identities provide. We add multiples of the three identities to a4 in the
form of Lagrange constraints. We form

as + A Chi + MChiCis + ACiiCis + ACiiCss + NsCir + NeCas) Id 1
4+ rCh + AsCiiCis + NoCas + MoCis) Id 2 + Ay Coy + A\ pCis) Id 3
+ AsCi(1d 1),
where

Id 1 is the left-hand side of Identity 1,
Id 2 is the left-hand side of Identity 2,
Id 3 is the left-hand side of Identity 3.

In our selection of parameters, we have preserved the homogeneity of a5 in the sense
that, if C,,, is replaced by C,,.¢’’"c'’™, then a factor ¢'**? is brought out of the new
expression for as. This homogeneity has the desirable feature that the rotation above
not only leaves invariant the class of matrices C,,_; ,,_, obeying Grunsky’s inequali-
ties, but also leaves the value of |a,| fixed.

We now seek to choose the parameters A; so that, when the unitary symmetric
matrix is represented in the form C,,_; ,,.1 = €* (p, ¢ < 4, A a real symmetric
4 X 4 matrix), the resulting expression for Re{as} will have a local maximum with
respect to the 10 elements of 4 at 4 = 0. The situation 4 = 0 corresponds to
{Csp-1.24-1} equal to the identity matrix and to F(z) equal to the Koebe function K(z).
Clearly, if our formula for as is to yield the Bieberbach conjecture, it must have a local
maximum at the Koebe point. Experience has indicated that those formulas which
confirm the conjecture locally at K(z) can be extended to global confirmation of the
conjecture (cf. (2)).

To carry out this choice of A\;, we write out the exponential expansion up to
quadratic terms in the elements of 4 = (a,;):

et =T+ id4 — (4.
We then have:
Cu = 1+ iay — 3@, + a2 + dis + al),
Cis

C_'15 = 0+ ia;3 — %(auals T+ Q12033 + Q13833 + G14G34),

0 + ia, — %(aualz + a12a2; + Q13053 + @14034),

Ii

617 = 0+ ia, — %(auau + @202 + Q13035 + 14044),
= . 2 2 2 2
Css 1+ iay, — %(012 + az + ax; + az4),

635 0 + ia,s — %(012013 + Q22053 + G23033 + G24G34),

It
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Car = 0 + iaxs — 3(a12014 + Q22834 + 23034 + G24a44),
Css = 1 + iass — %(afa =+ azz)a + azzu + a§4),
Csr = 0 + iass — 3(a13014 + Q2324 + 33034 + G34044),
Crr = 1+ iay — %(a?t + a:-; + 0:4 + 024)-

We next calculate the constant, linear, and quadratic parts of Re as and of each
expression to be added to it. There is one such expression for each A; in expression
(1). Special routines were written to carry out the arithmetic involved in the tedious
computation of the local behavior of as and the identities. The routines did addition,
subtraction, and multiplication of quantities of the form

C, + Cii (linear form in the a;;, i, j = 1, 4)
+ C; (quadratic form in the a;;, i, j = 1, 4),

producing a result of the same form and neglecting the resulting higher order terms.
It remains to choose the \; so that Re{a,} has a negative definite second variation at
A = 0. We observe that we lose no generality if we choose A; real, since a complex
part of A\; would influence only the complex part of as. Note the first variation of
Re{a,} at 4 = 0 is 0 since all coefficients are real.

We set

A, = matrix corresponding to quadratic form of Re as,

A, = matrix corresponding to quadratic form of C},1d 1,
A, = matrix corresponding to quadratic form of C? C;,ld 1,
A; = matrix corresponding to quadratic form of C,C;5ld 1,
A, = matrix corresponding to quadratic form of C,;Cyld 1,
As = matrix corresponding to quadratic form of C,1d 1,
A, = matrix corresponding to quadratic form of C,ld 1,
A, = matrix corresponding to quadratic form of C;,1d 2,
A = matrix corresponding to quadratic form of C,,C;5ld 2,
A, = matrix corresponding to quadratic form of Cyld 2,
A, , = matrix corresponding to quadratic form of Cy,ld 2,
A, = matrix corresponding to quadratic form of C?1d 3,
A, = matrix corresponding to quadratic form of Cj;1d 3,

A5 = matrix corresponding to quadratic form of Cy,(Id 1)°.
We form
13
Ao+ 2 N4,
$=1

for a choice of A; and then use a standard eigenvalue code to find the maximum
eigenvalue of the above. We introduced various minimization schemes to minimize
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this maximum eigenvalue with respect to the parameters \;. We succeeded in finding
a set of A; for which the largest eigenvalue was negative, thus guaranteeing the nega-
tive definiteness of the second variation of the formula for Re a; and having therefore
the desired local behavior at the Koebe point. We found that the choice of parameters

A =
A =
AN =
Ao =
Az =

—19.235992432
—4.555971146
—12.254911423
—0.937500000
1837.312500000

xll

= —90.875000000 A =
= —27.875000000 A
= —20.169921875 A =
= —9.843718529

A, =

—1.187500000
12.437500000
0.000000000
—6.562591553

produced A, + >, \;4; shown below. The maximum eigenvalue of this matrix is

less than —0.002.
[ —1933.339111

987.395752

—843.616699

—22.043350
609.912354
0.637105
—2.154895
—1.625007
—0.676123
0.0
0.0

—8.416772
—2.630764

—4.035986
—3.138024
—0.338062
—1.274540
—0.538724

987.395752
—624.305420
453.139893
3.696342
—354.901123
—8.416772
—1.880836
—0.030312

0.0

0.0

0.637105

0.0

0.0

—843.616699 —22.043350 609.912354
453.139893 3.696342 —354.901123
—384.766602 —6.748270 273.225098
—6.748270 —16.103760 4.645832
273.225098 4.645832 —208.730331
—2.630764 0.0 —4.035986
0.0 —5.532904 —0.538724
—2.660021 0.0 0.0
—1.157980 —2.660021 0.0
0.0 —1.157980 0.0
—2.154895 —1.625007 —0.676123 0.0
—1.880836 —0.030312 0.0 0.0
0.0 —2.660021 —1.157980 0.0
—5.532904 0.0 —2.660021 —1.157980
—0.538724 0.0 0.0 0.0
—0.338062 —1.274540 —0.538724 0.0
—2.468379 0.0 —1.274540 —0.538724
0.0 —0.812503 —0.338062 0.0
—1.274540 —0.338062 —0.955359 —0.338062
—0.538724 0.0 —0.338062 —0.142857]

The final expression for a, corresponding to the choice of parameters above is

as = 207.8369C,, — 675.0666C:,C,s —

408.1586C;,Css + 557.0915C1,C5

+ 13.9236C},C,; — 0.4247C;,Cs5 + 600.2736C;,Cis + 1.6313C%,Css
+ 698.7446C,,C:; — 908.8291C7,C15C1s + 206.4049C,,Cz; + 3.04255C,,Csr

+ 11.5142C,,C,3Cs5 + 10.0914C,,C3; + 367.9934C,,C;

- 546.4514611633615 - 8.47126“613617 + 2.14816?1631 + 5.5229633635
+ 0.0731C,5Css + 3.8481C7;Cas + 12.8204C;:Cis — 0.3125C1:Cs
- 5.8043615635 - 9.2917617633 + 1.4321613637 + 0.2857671.
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All coefficients have been truncated at four decimal places.
Preliminary numerical testing of the expression with the C,,_; 2,-1, bound by
unitary constraints, indicates the inequality

Reag = 8

holds for all parameter choices. Rigorous confirmation of this, of course, would
establish the conjecture for the 8th coefficient.
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2 1 - - 1 - - - -
2 1 2 - - - - - -
2 2 - 1 - - - - -
2 4 - - - - - - -
3 - - - - -
3 - 1 1 - - - - -
3 1 - - - - - - -
3 % 1 - - - - - -
4 - - - 1 - - - -
4 - 2 - - - - - -
4 1 - 1 - - - - -
4 8 - - - - - - -
5 - - - - - - - -
s 1 1 - - - - - -
6 -~ - 1 - - - - -
6 2 - - - - - - -
7 - 1 = - - - - -
£ 1 - - - - - - -
o - - = - - T N

1/2
-11/8
-5/2

-2

55/8
-3/2
51/8
93/8
9/2
-851/32
-49/4
633/128
-1

71/8
8/1
-47/4

G
-1029/16
~849/32
5457/64
2
-417/32
-753/32

=18/

7089/64
1593/16
-43255/8512

-4

3731/64
2037/64
-~74405/286

8

-32238/512
-3595/32
236885/1024
-8129/512
243735/1024
1943/64
-909898/4096
-221827/4096
2859613/32768
-1877851/181072
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-3

-5/2

-2

68/8

61/8

-3/2

57/4

13/

-139/8

90’2
-759/16
-211/16
4009/128
-1

45/8

10

8

-165/4

6

-153/4
-561/8
-21/
5217/32

98
-72795/1472
2

-465/16
-24

47

-18
8241/32
6807/64
-54615/128
-4
nis5/32
2013/32

48
-23645/64
-212565/64
173095/512
8
-37355/256
«-30405/256
893295/1024
-16
77409/812
343833/128
-10367/16
325371024
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APPENDIX B ()

The inf>rmation i8 organized In the same way as in MA(e.g.aa=2cu+3cuz)

.1 s ©.3 %.5%.5%.7 €7.71.72C2,0C o Con .y  Coefficient
nz 1 2
a, 1 2
3 2 3
a 1 2
LA B 8
3 10/3
a 1 2
5 2 s
1 1 8
2 1 18
4 7/3
a 1 2
6 11 12
1 1 8
1 2 26
2 1 18
s 1 28
s -2/3
1 2
* 2 7
1 1 12
3 12
1 1 8
1 1 1 62
2 1 18
2 2 73
3 1 82/3
4 1 88/3
6 -202/45



APPENDIX B (2)

Ch,0aCno€ C

S C.3 .3 C,5 %,5 ®s.7 ©7.7 €7.9 C9.9 o1 Cn,q  Coeflicient

—
-

12

2

80/3
2 410/3

1 184/15
-2764/315

AWM e e
—



APPENDIX B @)

€1 %3 %.3 ©.5 .8 ©.7 7.7 ©1.9 .9 So.n Sun Cosfficient

S

-
-
§

O, =L RN N ™ = e
-
S
P4

-716/63



G.1 C.,3 .3 S.5 S5.5 S5.7 €7.7 €7.9 So.9 Co.n S

1 2

Coeflicient
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3 70/3
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APPENDIX R ®)

C.1 .3 %%.s ©.5 .5 5.7 C7.7 2.9 %5.9 S.n Cu.n

2
1 1
1 1
2 1
1 1
1 2
1 1 1
2 1
2 2
3 1
5
1 1
1 1 1
1 1 1
1 3
1 1 1
1 1 1 1
1 2 1
1 3 1
2 1
2 2
2 1 1
2 1 1
2 1 2
2 2 1
2 4
3 1
3 1 1
3 1 1
3 2 1
4 1
4 2
4 1 1
4 3
5 1
] 1 1
6 1
6 2
7 1
8 1
10

CRR R R R

&
=

ges22>BEYS



APPENDIX B )

¢.1 s .3 C3.5 5.5 5.7 G.7 1.9 Co,9 Co.n Cu,n  Cosfliclemt

1 1 1 2
“12 1 1 24
1 1 16
1 2 103
2 1 20
1 1 12
1 1 1 158
1 1 1 4
1 3 276
2 1 80
2 1 1 672
] 1 164
4 1 432
1 1 8
1 2 80
1 1 1 96
1 1 1 00
1 2 1 800
1 1 1 64
1 1 2 4“4
1 1 1 1 828
1 2 1 312
1 2 2 2138
1 s 1 148
1 [ 500
2 1 18
2 1 1 244
2 1 1 216
2 s 408
2 1 1 180
2 1 1 1 2672
2 2 1 1018
2 3 1 3986
s 1 80/3
s 2 182
s 1 1 388
s 1 1 38
s 1 2 2412
s 2 1 2148
s 4 1736
4 1 70/3
4 1 1 1232/
4 1 1 a
4 2 1 8774/2
[ 1 -24/8
5 2 74
s 1 1 3982/18
s 3 810818
[ 1 -184/3



APPENDIX B (7)

C.1 S.s Ss.s ©s.5 5.5 ©s.7 C1.7 C7.9 .9 Co,nu CGun  Coefficlent
6 1 1 -1548/5

7 1 -36572/515
7 2 =176144/3156
8 1 -12988/105
s 1 ~44783/515
u 4526/1488



APPENDIX B (8

(identities)
€1 .3 ©.3%.5 %.5 %.7 7.7 7.9 5.9 So.n Cun
c 1 1
3 -1/3
1 1
C.7 . !
1 1 1
4 -1/3
c 1 1
3,7 L 1
1 -l
s 1 2/3
8 -1/5
c 1 1
1.9 o 3
1 1 1
1 2 1
3 1 -l
5 -1/8
c 1 1
3,9 2 .
1 1 1
3 -2/3
1 1 1 -
) 1 /3
4 1 1/8
8 -2/9
c l 1
5.9 L 1
2 1 -2
1 2 -1
1 1 1 1
1 3 2
3 1 -1/3
3 2 -7/3
4 1 2/3
5 1 1
7 -16/63




APPENDIX B (%)

{identities)
€1 Cus ©,3 .5 €5.5 C5.7 ©7.7 €7.¢ Co.9 S Cun
1
2
1 1
3
1 1
1 11
2 2
3 1
PO
¢

%’

N e E X l



(ideatities)
€1 %3 5,3 %.5%.5 5.7 7.7 %9 S.9 %.u Cn.n
1 1
1 1 1
2 1 -2
1 2 -1
1 3 -1
3 2 2/3
4 1 2/3
5 1 -/
7 -18/83
c 1 1
8,11 2 1
1 1 1
1 2 -3
2 1 -1
4 1
1 1 1 -1
1 1 1 1
1 2 1 2
2 s -1
] 1 -1/
s 1 1 -1
4 1 1/8
4 2 -2/38
5 1 4/5
6 1 N8
8 -4/15
1 1
3 -4/3
1 1 1 -3
2 1 1
3 1 3
1 2 -1
1 1 1 1
1 1 2 5
1 2 1 -5
1 Kl -5
2 2 1 -1
3 -6/3
3 1 1 4
3 3 22/3
4 1 -1/3
4 1 1 =10,
s . A%



APPENIXX B (1)

(identities)
C1.1 C1,8 Cs,3 C3,5 Cs5,5 C5,7 C7,7 C7,9 C9,9 C11.11 Coefficient
(Continued)
c,, " 5 2 =73/18
o6 1 61/48
7 1 1/9
9 -133/408



NOOES FOR COMPLEX CHEBYSNEV

QUADRATURE ON (- 1,1)

N=2(1)&

ARE LISTED



N

0w

[SX-SEA) LRV R R la XK aan

[alU- X e RN 53

10
10

NOOES FOR COMPLEX CHESYSMEV  QUADRATURE

REAL FART
0.57735026918962E +00

o
0. 707108781 18833E+0D

U 1570824 24080086 +00
0. 794084472201 7€ +00

0200638401816 70€ +00
0.42251808378111€ +00
0.80624881810782€400

Q.

0.32301183081900€ +00
0.520006778208 18€ +00
0.863061 70076808€ +00

021829008100045€ +00
0.52000229739487¢
0.92238 120000000 +00

HAAGINARY PART

Y]

so8 opo

2000

0.12004800083 1 30€ +00
0.4804242190483€ - 01

pooep

0.1667432200081 1£+00
0.00873420072071E- 01
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